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Abstract 

A class of surfaces-graphs in a Riemannian 3-space with a prescribed pro- 
jection of one field of principal directions onto a surface H is considered. 
A problem of determination of such surfaces when both principal curvatures 
are given over a line in 11 is formulated and studied. The geometric problem 
is reduced to the Cauchy problem for quasilinear PDE's which, under cer- 
tain conditions for data, are hyperbolic and admit a unique solution. It is 
shown that the parallel curved (PC) surfaces in space forms provide a special 
class of global solutions to the geometrical problem with weaker regularity 
assumptions. Such solutions may be found by an iteration function sequence. 
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Introduction 

The surfaces possessing nontrivial deformations which preserve principal curvatures 
and directions (or, equivalently, the shape operator) were investigated by several 
authors, see [1], [10] and review with bibliography in [6]. It is known that surfaces 
with one family of principal curves being geodesic (as for parallel curved (PC) sur- 
faces recently studied in [2] -[3]) represent degenerate case in studying immersions 
of simply connected surfaces with a prescribed shape operator. Recent studying of 
reconstruction of surfaces by their partially given principal curvatures and direc- 
tions may be useful for applications of differential geometry to computer graphics, 
the wavefront analysis in applied optics, etc. 

In what follows, {M^,g) denotes a C^-regular Riemannian 3-space with coordi- 
nates xi,X2, xs {\xi\ < tti) for some G M, 11 = {x^ = 0} a C^-regular surface, 
7 = {^2 = Xs = 0} the coordinate curve, and 7i{xi,X2,X3) = (a;i,a;2,0) the curvilin- 
ear projection. 
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In the paper we consider surfaces-graphs C with prescribed curvilinear 
projection (onto H) of one field of principal directions. We show (see Theorem [T]) 
that such surfaces depend on two arbitrary functions of one variable, namely, the 
principal curvatures over 7 which are assumed close enough to corresponding values 
for n. More precisely, we study the following. 

Problem 1 Given {M^,g), a vector field I transversal to 7 on 11, functions ki and 
^2 of class C°(7), find a function / of class C^(n), whose graph : X3 = /(xi, X2) 
in satisfies the conditions: 

(i) the projection (ir) onto U of the field di of principal directions 
corresponding to the principal curvature ki (of M^) coincides with I, 

(ii) the principal curvatures ki (of M"^) over •y coincide with ki: ki\^ = ki, 

(iii) the values of f and df at the point (0,0,0) 0/7 are given. 

Our approach is based on reducing the Problem [T]to the Cauchy problem for a 
quasilinear system of PDE's which, under certain conditions for data, is hyperbolic 
and admits a unique local smooth solution. The PC surfaces in represent a special 
class of solutions when a family of curvature lines projects onto 11 as parallel lines 
or concentric circles. Such surfaces are recovered by an iteration function sequence 
and using the reconstruction of two planar curves by their curvature (see Theorem [2] 
and Proposition [1]). Notice that the space of PC surfaces free of umbilics and having 
the same shape operator depends on one arbitrary function of one variable, see [1]. 

The structure of the work is the following. Section [1] represents main results 
(Theorems [T]-[2] and Corollary [T] for C M?). Section [2] contains proofs. Sec- 
tion [3] contains necessary facts on PC surfaces and examples. 

1 Main results 

We shall use the following notation: u = {ui, . . . ,Un) G M"; ||m||oo = niaxi<j<„ \ui\, 
C^{V) the linear space of bounded continuous functions n : P — )■ M™ [T> is a domain 
in M"); = sup^jg^? ||^(2^)||oo the norm in C^iV); C^(V) is the set of functions 

n : P — J- M™, having in V continuous partial derivatives of order k. For short, we 
omit m from the above notations. 

For simplicity, we assume in what follows that 11 is a totally umbilical surface 
with the normal curvature A (if A = then 11 is totally geodesic). 

The main result of the paper is the following. 

Theorem 1 Let ki, k2 be functions of class {--/), I a vector field of class C^(n), 
that is transversal but not orthogonal to 7. // \\ki — A|^||^ are small enough, then 
Problemll\ admits in {M^,g) a unique local solution. Namely, there are A,K > 
such that if \\ki—X\^\\^< A {i = 1,2) , then for some e & (0,02] there exists a function 
f of class on YiK,e = {ki| + Kx2 < ai, < X2 < X3 = 0} with the properties: 
the principal curvatures ki of M"^ : X3 = /(xi, X2) satisfy ki\^ = ki, I is tangent to the 
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TT-projection onto IlK,e of ki- curvature lines, and /(0,0) = (i/(0,0) = 0. Moreover, 
there is r E (0, 03] such that the solution f is unique in the class of -regular 
functions satisfying ||(/, /xi, /x2)||n,f,, < r. 

One may apply Theorem [1] to surfaces in 3-space forms (see also Section r3.2p . 
We illustrate this for M? with cartesian coordinates. 

Corollary 1 Let a ^ be a function of class on a rectangle 11 = {|x| < ai, \y\ < 
a2, z = 0} in (with cartesian coordinates), and ki,k2 functions of class on 
the segment '-f = {\x\ < ai, y = z = 0}. are small enough, then Problemll\ 

admits a unique local solution. Namely, there are A,K > such that if \\ki\\^ < A, 
then for some e G (0, 02] there exists a function f of class on H^.e = +Ky < 
fli; < 1/ < £, 2; = 0} with the properties: the principal curvatures ki of the graph 
: z = f{x,y) in satisfy ki{x, 0) = ki{x), the vector field ad^ + dy is tangent to 
the projection onto IlK,e of ki- curvature lines, and /(O, 0) = (i/(0, 0) = 0. Moreover, 
there is r > such that the solution f is unique in the class of -regular functions 
satisfying \\{fJ^Jy)\\uK., < r. 

Remark 1 (a) The condition that 11 is totally umbilical can be dropped. In this 
case, ki should be close enough to corresponding principal curvatures of 11 along 
7, and / close enough to one of principal directions on 11. The values of /(O, 0) 
and df (0,0) can be taken small enough (see Proposition [5]), in the present text for 
simplicity we assume them zero. 

If a = const 7^ in Corollary [H then is a PC surface, i.e., the planes 
{x — ay = c} intersect by curvature lines, see Section 13.11 PC surfaces in 
spherical coordinates, see also Section 13. illustrate Theorem [H 

(b) A normal geodesic graph in {M^,g) of a function / : 11 — M, |/| < '''/(II) 
(rj(n) is the focal radius of 11) is a surface = [j^^ni^xifix))} C M^, where 
7a;(t) (x G n) is a unit speed geodesic normal to 11. 

The semi-geodesic coordinates {xi,X2) on 11 with the base curve {x2 = 0}; have 
the metric is g2 = ^'^{xi,X2) dxl + dx^, where ^^22 + K{xi,X2)^ = 0, ^(xi,0) = 
1) ^2(^1) 0) = (see [H]), and K is the gaussian curvature of 11. 

Let has the coordinates xi,X2,X3 {\xi\ < ai) such that 

— {xi,X2) are semi-geodesic coordinates on a surface 11 = {0:3 = 0}, 

— the curve 7 = {x2 = X3 = 0} is a simple geodesic in 11, and 

— X3 is the signed distance to 11 (hence cjis = 6i3 and = 0). 

One may obtain corollary of Theorem [H where vr : — 11 means "the nearest 
point" in 11 (for we again have Corollary [1]) . 

We will formulate for (and study in the paper for M^) the problem that plays 
essential role in solving Problem [1] for PC surfaces. 

Problem 2 Given a vector field / = l{xi, X2) on 11 C M^, an integral curve 71 C 11 
of / through O G n, a curve 72 C 11 transversal to 71 through O and functions 
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ki G C^i'Ji) on 7j (z = 1,2), find a function / of class C^(n), whose graph : 
3^3 = f{xi,X2) in satisfies the conditions: 

(i) the projection (ir) onto U of the field di of principal directions 
corresponding to the principal curvature ki of , coincides with I, 

(ii) the principal curvatures ki of M"^ coincide with k^ over •jt: ki\^^ = ki, 

(iii) the values of f and df at the point O are given. 

Define a rectangle n(a) = {(x, y) : \ax + y\ < aa, \x — ay\ < a} in the xy-plane 
of M^, where a, a G M are positive. The PC surfaces represent a special class of global 
solutions (i.e., on the domains n(a) with an arbitrary a < ai) to Problems [T]and 
[2] with weaker regularity assumptions. 

Theorem 2 Let ai,a > be real, ki G C^{[—ai,ai]) and k2 G C°([— Oi, Oi]). Then 
for any a G (0,ai) one can choose 6 > such that if || < 6 {i = 1,2), then 
there exists a unique PC surface C M'^ : = f{x,y), where f G C^(n(a)), with 
the properties 

- the ki-principal direction di on is parallel to the plane x — ay = 0, 

- the principal curvatures of M'^ satisfy ki{x,0) = ki{x) {\x\ < a, i = 1,2). 

Theorem [2] is based on the following result concerning existence of a solution to 
Problem [2] in the class of PC surfaces. 

Proposition 1 Given ai, a > 0, let 71 = {(a u, u) : \u\ < -^^^} and 72 = {(x, 0) : 

\x\ < Oi} be line segments in xy-plane ofM.^. Let k G C^(7i) and k2 G C°(72). Then 
foranyaE(0,ai)thereisS>Osuchthatifk= max { \k{xa/\/a'^ + I)!? |^2(a^)|}< 

\x\ < ai 

6, then there exists a unique PC surface : z = f{x, y) in M^, where f G C^(n(a)), 
with the properties 

- the principal direction di is orthogonal to the vector Ci — ae2, 

- k is the principal curvature of over '-/i corresponding to di, and 

- k2 is the principal curvature of over 72 fl n(a) corresponding to 
the second principal direction 82- 

The solution can be found using reconstruction of two planar curves by their curva- 
ture functions. 

2 Proofs 

In Section [271] we prove Theorem [1] and its Corollary [1] Based on the Euler formula 
for the principal curvatures we deduce a system of PDE's (Proposition |2]). Using 
compatibility conditions, we transform above equations to equivalent quasi-linear 
system (Proposition |3]), for which we formulate the Cauchy Problem. The initial 
values are analyzed in Lemma [H where is recovered over 7. Section 12.21 shows 
that the PC surfaces in space forms (i.e., a family of curvature lines projects onto 
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parallel lines or concentric circles) represent a special class of global solutions to the 
geometrical problem with weaker regularity assumptions (ki G C^{[—ai,ai]),k2 G 
C°([— ai, ai])). We approximate such solutions by the iterated function sequence, 
and apply the procedure of reconstruction of two plane curves by their curvature 
functions (Theorem [2] and Proposition H]). Section [2.31 contains auxiliary lemmas 
and necessary facts on hyperbolic PDE's. 

2.1 Proof of Theorem [1] and its corollary 

A surface-graph in is defined by equation xs = /(xi,X2). Let Cj = ^ be 
coordinate vector fields on M^, Cj their restrictions on M^, and ei, 62 the coordinate 
vector fields (lifts under vr of 61,62 from 11) on M^. For simplicity assume in what 
follows that gi3 = (723 = (see also Remark [1]). We have 61 = ei +^63 and 62 = 
62 + 9^3, where p = f^^ and q = f^^- The metric on is given by gij = g{ei, Cj). 
The coefficients of the first and the second fundamental forms of are denoted by 

E = gii{xi,X2), F = gi2{xi,X2) = g2i{xi,X2), G = 5(22(^1, Xs), 
L = 6ii(xi,X2), M = 612 (a;i,X2) = 621(2:1, X2), iV = fe22(xi, X2). 

Suppose that di = aei + 62, (^2 = /3i ci + /32 62 are the principal directions on 
M^. We compute the product = g{di,d2) = f3i{aE + F) + l32{aF + G). Hence 
Pi '■ 1^2 = —{ctF + G) : {aE + F). Denote by cjij = g{ei, ej). 
From above and Lemma [3] (Section 12. Sp it follows 

a^E + 2aF + G = g{du di) > 0, 

aE + F = g^s^ap + q)p + agu + gi2, (1) 

EG- F"^ = 5^33(^22/ + ^iig^ - 25(i2pg) + ^11^22 - gl2 > 911922 - ^L- 
Define the functions Hij = H\fki + H\fk2 + H\f (i, j = 1, 2), where 

rr(l) _ S{aE+Ff tt{2) _ 5{EG~F^) rrW _ rril) _ {aE+F){aF+G) 

-"11 ~ a^E+2aF+G' ""ll " a^E+2aF+G' ""12 " ""21 " " a2E+2aF+G ' 
r^(2) _ rr(2) _ Sa{EG-F^) rril) _ SjaF+Gf rri^) _ Sa\EG-F^) /^N 
-"12 --"21 - a'2E+2aF+G' ^22 — Q2E+2aF+G' ^22 - a^E+2aF+G' ^ > 

Hii = -Li, H^2 = -Ml, H22 = -Ni, 

6 = ^J{EG - F^)/detg > l/Vfe, see ^3, and Li,Mi,Ni are given in (glD of 
Section El For ^e get = H^fki + H\fk2, where h!^ = i/f?, 

= j-^y/l+ p^WW+l)+pq?, Hif = -l(lVV)^ 
Hi^ = j-^^l+p^ W{<ypq+q '+l){<y{p'+l)+pq), H^^= - ^(1 VV)^ (3) 

H^i = ^^/T+F+?(«pgV+l)^ Hf^ = |i(iVV)^ 

and 5i = {ap + g)^ + + 1 > 1. 
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Example 1 Let = 11 = {x^ = 0}, hence f = p = q = 0. By Lemma O 
(Section 12. 3p . the coefficients of the 1-st and the 2-nd fundamental forms are 

E = ^n, F = ^12, G = g22, L = T^^y/^, M = Tl^V^, N = Tl^V^- 
The functions ([2]) on 11 have the following form: 

^(1) _ ^ (Qgii+gi2)^ _ J giig22-gf2 ffW — ^ ("gii+gi2)(agi2+322) 

11 a^gii+2_agi2+g22 ' H a^gii+2 ogi2+g22 ' 12 a^gii+2 agi2+g22 ' 

_^{2) _ J Q:(giig22-gi2) ^(i) _ ^ (Qgi2+g22)^ ^5^(2) _ ^ a^(giig22-gi2) 

12 ^ c?§ir+2afi2+l22 ' 22 a2gii+2 agi2+g22 ' ^22 c?IiiT2af72+l22 ' 

-^11 = — rf^^/^, i7i2 = ~r^2v^^) -^22 = ~r22\/^, 

where 5 = 1/ The function d (of the principal direction of 11) satisfies 

(^iir?2 - ^i2r?i) a' + (^iir32 - g^^Tl,) & + {g^^rl^ - 922TI2) = 0. (4) 

The principal curvatures ki of 11 are solutions to the quadratic equation 

(^iito-^L)^^'- Vfe(^iif L+^22r?i-2^i2r?2)^+^33(r?if 32-(r?2)') = o. (5) 

Since 11 is totally umbilical, ki = k2 = X are the roots of ([5]), hence 

^ = ->^9^J/933 (1<^,J<3). (6) 
In this case, (jl]) is satisfied by any a. 

First, we will prove Propositions O [3] and Lemma [H 

Proposition 2 Let A/P C be the graph of f e C^(n). Then ki, ^2 e C°(n) are 
the principal curvatures and I = aei + 62 (with a G C^{Il)) is the projection onto 
n of ki-principal direction of M'^ if and only if 

p,^, = Hii{xi,X2, f,p,q,ki,k2), q^,=Hi2{xi, X2, f,p, q, ki, k2), fxi = P (7a) 
Px2 = H2i{xi,X2j,p,q,ki,k2), g^2=i?22(xi, X2, g, fci, ^2), fx2=q- (7b) 

If f ^ C^(n), ki, k2 G C^ijl) and aE + F 7^ 0, then the compatibility conditions for 
IHJ^b) are reduced to PDE's 

ki,x2 - ^IJf ki,x^ = ^'i, k2,x2 + a k2,x, = ^2, (8) 

where '^i{xi,X2, f,p,q,ki,k2) are known functions (see the proof). The characteris- 
tics of Iji^ are the projections onto U of curvature lines of . 

Proof. Let V^=/ii ei+/i2 62 be a vector on M^. The functions ki, k2^C^(Jl) 
are the principal curvatures of M^, and I = aci + 62 is the projection onto 11 
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of /ci-principal direction if and only if they satisfy the Euler formula kn{V) = 
i^^mf ^^^^^mf ^2]//(^), with the normal curvature KiV) = Hence 

Lfil + 2Mfi,fi, + Nfil = [g{V,^^f/I{^^)]h + [9iV,d2)Vlid2)]h. (9) 

Notice that ii di = aei + 62 is the principal direction on then 82 = —{aF + 
G)ei + {aE + F)e2 is the second principal direction. We have 

I{di) = a^E + 2aF + G, 1(82) = {EG - F^){a^E + 2 aF + G), 
g{V,8i) = afiiE + {afi2 + fJ'i)F + fi2G = {aE + F)fii + {aF + G)^2, 
g{V,82) = {EG-F^)i-^l, + a^^2), I{V) = Efij + 2F^m2 + Gfil 

Since V is arbitrary, ([9]) is equivalent to the system 

6L = h[1^ ki + H[f k2, 6M = hS ki + H[f k2, SN = ki + Hf^ k2, 

which, in view of p^^ = 6 L — Li, p^^ = S N — Ni and Px2 = Qxi = S M — Mi (see 
Lemma [3] in Section [273]) . yields (f?a]b). 

If / G C^(n) and ki,k2 G C^(n), then the compatibility conditions for (!7a]b). 

i.e., {Pxi)x2 = iPx2)xi, {qxi)x2 = (fe)xi, take a form 

Hn^x2+Hn,pHi2+Hii^qH22+Hiijq = Hi2^xi+Hi2^pHii+Hi2^qHi2+Hi2jp, 

Hl2,x2+Hl2,pHi2+Hi2^qH22+Hi2jq = H22,xi+H22,pHii+H22,qHi2+H22jP- 

Substituting (ITalb) into ( TTOj) . we obtain PDE's for k = {ki, /C2) 

A(a;i,X2,/,p,g)k^2 + X2, g) k^^ + X2, g, k) = 0, (11) 

where the matrices A = ( j^jj ^^^^ ), B = ( ^'^^^•^ ^^^2) ) are C^-regular, 

V H12 H12 ' ^ —-^22 ~-^22 ^ 

and the components of the vector h = (61, 62) are 

fei = (i/S.,-i^;iL)A;i+(i7it^-i7;?!,JA:2 

+Hi2,pHii+Hi2^qHi2 — HiipHi2 — HiiqH22 + Hi2jP — Hujq, 
1)2 = {H[2,x2~^22]xJkl + {H[2]x2~H22]xJk2 

+Hi2,pHi2+Hi2^qH22 — -f?^22, — -^^22, g-f^l2 + H22JP — Hi2jq. 

Notice that det A = 5"^ ^^a'^E+la^F^^c'' when aE+F ^ 0. The direct computation 
shows that A~^B = A )' ^'^^^^ ~ aE+F ^^'^ -^2 = «• Hence (fTT]) is 

equivalent to the system ([H]) with (\&i, \&2)^ = A'^b. □ 

Remark 2 Let C M'^ be a C^-regular surface without umbilical points param- 
eterized by coordinates u, v of the curvature lines, r [u, v). Hence F = M = 0. Let 
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/ci,/c2 be the principal curvatures of M^. In this case, if a = 0, then H^^ = 6G, 

(2) (k) 

Hll' = 6E and other H^J' are zero. Hence 621 = SG, ai2 = 5E and other aij.bij 
are zero. Hence, (fTTj) is reduced to the system 6Eki^^ + ci = 0, SGk2,u + C2 = 
that is equivalent to Peterson-Codazzi formulae (see [9]) = — ki)-^, /c2,n = 
{ki - k2)^. One may compare the last formulae with our compatibility equa- 
tions (dOD. 



Proposition 3 Let the functions f,p, q, ki, k2, a of class on H (in particular, on 



UK,e) satisfy (7b). 



(i) If [7a\) holds in U, then f E C^(H) and [TW holds in H. 



(a) If {7a) holds for X2 = and fTU) holds in H, then ( 7a) holds in H 



Proof, (i) If (I7a|) is satisfied in H, then, since Hij are of class C^, equations 
7a\h) imply that p,q are of class C^. Hence / G C^(H) and, by commutativity of 
partial derivatives, ffTOl) holds in H. 

(ii) Denote for short xi = u, X2 = v. By (ffal) with v = and (l7b|) . we conclude 
that p, q and / satisfy in H the integral equations 

p{u, v) = p(0, 0) + /g" Hi2{u, ri, f{u, rj),p{u, r/), g(n, t])) dr] , . 

+ /; i/n(e, 0, /(«, r/),p(e, 0), g(e, 0)) d^, ^ ^ 
q{u, v) = g(0, 0) + H22{u, rj, f{u, ri),p{u, r]), q{u, r/)) drj 

+ £ H,2{i, 0, /(n, r/),p(e, 0), g(e, 0)) d^, ^ ^ 

/(u, t;) = /(O, 0) + /; g(n, r/) dr/ + p(e, 0) d^ (12c) 

(for short we omit the variables ki and /c2 in -f^jj)- By conditions imposed on p, g, 
/ and ki, one may differentiate by u the first integrand in fll2ap . Using (l7b| and 
^ifii = i?ii,2 + -ffii,pPt,(x, y) + g„(M, t;) + Huj f^,{u, v), we get 

Pu{u,v) = ifii(M,0, /(M,0),p(M,0),g(M,0)) 

+Hi2,p{u, ?7, f{u, r]),p{u, ni), q{u, v))Pu{u, r]) 
+Hi2,qiu, 7], f{u, r]),p{u, 7]), q{u, ?7))g„(M, v) + ^12,//«(m, v)]dv on 
= i7n(w,0,/(M,0),p(M,0),g(M,0)) 

+ Jo ^' /(^' ^)) dV 

+ /o [Hi2,p{Pu—Hii)+Hi2^g{qu—Hi2)+Hi2j{fu—p)+Hi2^u+Hi2,pHii 

+Hi2,qHi2 + Hi2jP — Hii^i,—Hii^pHi2 — Hii^qH22 " -^lljO'] C^''?- 

Define the functions 9i = pu—Hu{u, v, f,p, q), 62 = qu—Hu^u, v, f,p, q), and 63 = 
fu-p. By (JTUDi, from ([13]) it follows 

Q^{u,v) = J^'[Hi2,p{u,r], f{u,r]),p{u,ri),q{u,ri))ei{u,r]) 

+ Hi2,q{u,r], f{u,r]),p{u,ri),q{u,r]))Q2{u,r]) (14a) 
+ Hi2j{u, T], f{u, ri),p{u, ri), q{u, 77)) Qs{u, 77)] d?]. 
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Similarly, differentiating ( ]12b|) by u, and using ( l7b|) and (1111 9. we obtain 

+ H22,q{u,r]J{u,7]),p{u,r]),q{u,T]))e2iu,T]) (14b) 
+ H22j{u, ?7, /(m, ?7), r/), 77)) Qsiu, rj)] dr]. 

Differentiating fll2cp by u and using the first equation in (]7bp . we obtain 

i;) = p{u, 0) + J^py{u,ri) dr] 
+ /o'b«("' ^7) - ^i2(m, ?7, /(m, ??), ??))] drj. 

Hence the following equation is satisfied: 

e3{u,v) = / e2iu,ri)dr]. (14c) 



For each u G [— ai,ai] the system of integral equations fll4al -c) is equivalent to 
Cauchy problem for linear homogeneous ODE's with initial conditions Qi\v=o = 
(i = 1, 2, 3). Hence 61 = ©2 = ©3 = 0, and (!7a|) are satisfied. □ 

First, we will recover the graph of / : H — )■ [—03, 03] infinitesimally along 7, 
i.e., to solve ( !T6|l for /o and po, go- Define the quantity 

fco = max{||A;i - A|^||^, ||A;2 - A|^|| ^}. (15) 

Lemma 1 Let ao = Q^|7 ^ C^^il)- Then for any r G (0,03] there zs A G (0,r] such 
that for ki, k2 G C^{'~f) satisfying \\ki — A|^|| ^ < A (i = 1, 2), the Cauchy problem 

dfo/dxi = Po, 

dpo/dxi = H^^lih + H^%k2 - Lo, 

dqo/dxi = H!,%h + H^%k2 - Mo, 

/o(0) = Po(0)=go(0) = (16) 

has on ^ a unique C^-regular solution {foiPoiQo) satisfying ||(/o,Po; ?o)|| 7 < 

Proof. Denote Aj = A;j — for z = 1,2. Substituting A;j = A|^ + Aj into (first 
two equations of) ffT^ and using ([HD gives us along 7 

dfo/dxi = Po, 

dpo/dxi = 6o\\^Eo + Lo + H^%Ai + H^^l^A2, 

dqo/dxi = So>^haoFo + Mo + H^o%^i + H^%^2, 

/o(0) = po(0) = go(0) = (17) 

with Eo = E\^,Fo = F\^,Go = G\^, and 5o = ("~5^j~")^''^- Due to Example [H 
5oX\^Eo + Lo = ^o-^ 1 70^0-^0 + = on H, see ([6]). Hence fo = PQ = % = is the 
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solution to (fT7|) with Aj = 0. Let us take r G (0,03]. We claim that if ki are close 
enough to A|^, then the Cauchy problem (fT7|) has on 7 a unique smooth solution 
satisfying ||(/o,Po5Q'o)|l7 < In aim to apply Proposition |5] to f lT7|) and to the same 
system with Aj = (/o =po = ?o = in the last case), denote by 

60X I + -^0 \ / Hq^ii Ai + Hq^Ii A2 

5o A I ^aoFo + Mo , Q = P+\ A, + A2 

Po / \ ' ' 

Since the functions P and Q have continuous partial derivatives w.r. to fo,PQ,qo, 
they satisfy in 0^ = {|xi| < ai, |/o| < t, \po\ ^ f, \qo\ < r} the Lipschitz condition 
(for fo,Po,qo) with some L = L{r) > 0. By (IT])i, minQ^(a^-E + 2 aF + G) > 0, and 
by ([2]), there is C{r) > such that \H^%\ < C{r) on Clr. Hence, 

||g-P|h, <2l^oC(r), (18) 

where ko is defined by ( TT^ . Assume that 

fco< A(r) :=min{ e-^('-)"\ r}. (19) 

4ai C(r) 

By the theory of ODE's, there is a maximal interval —Ei < t < 62 {si & (0,ai]), in 
which (fTTI) admits a unique solution with the property 

|/o(xi)|<r/2, bo(a:i)| <r/2, |go(xi)| < r/2. (20) 

On the other hand, in view of f ll8p . (1191) and Proposition [S], this solution satisfies 
in [— ei,£:2] strong inequalities |po(a^i)| < ''"/2, |q'o(a^i)| < f/'^ and |/o(xi)| < r/2. If 
El < Qi or £2 < fli; due to the theory of ODE's the solution can be extended on a 
larger interval with the property fl20|) . Hence, Si = 62 = a^. □ 

Proof of Theorem [Ij Since / is transversal to 7, one may assume / = 
a(xi,X2)ei + 62 for some function a of class in a neighborhood of 7 in H. Since 
/ is not orthogonal to 7, we have agu + gu 7^ along 7. There is ri G (0, 03] such 
that a gn + ^'12 7^ over 7 for |/| < ri. Define the functions i?, F, G and L, M, 
by (143bl c) in what follows. In view of \{aE + F) — {a gu + ^12)! < S'ssK^P + q)p\, 
see (P2, we get + F 7^ on the set {(xi, 0, g) : < ai, ||(/,J5, g)||oo < r} 
for some r G (0, ri]. 

Restricting f l7a|) on 7 and denoting ao = a\^, Mq = M|^,Lo = -Z^|7 and Hq'^^j := 
^ijh' y^^^ds the system f|T6|) for the functions /o and po, go. By Lemma [H there 
exist A G (0, r] such that if ||A;j — A|^|| ^ < A (i = 1, 2), the Cauchy problem (fT6l) has 
on [— ai,ai] a unique solution {fo,Po,<lo) of class C"*^, satisfying ||(/o,Po5 ?o)|| 7 < 
By Propositions [2] and [3l the Problem [1] is reduced to the Cauchy problem, see 
(ifbj) and dH]), 

fx2 = q{xi,X2), 
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p,, = H';llh + H';^lk2-Mu 

q,, = H';^lk, + H%k2-N,, 
aF + G 

ki^^^ ki.^^ = '^i{xi,X2, f,p,q,ki,k2), 

ah + p 

k2,x2 +«^2,xi = '^2{xi, X2, f,p,q, ki, k2), (21) 
with the initial conditions for the functions f,p, q and ki,k2, 

/(■,0) = /o, p(-,0)=po, g(-,0) = go, (22a) 
h{;0) = k, (^ = 1,2). (22b) 

Notice that there exists p G (0,02] such that aE + F 7^ if |xi| < ai, |x2| < 
P: IK/; Pi l)\\oo < and (1211) is non-singular. Since a G C^, from the definition of 
(see the proof of Proposition[2]) it follows that the functions \E'j(xi, X2, /, p, q, ki, /C2) ^ 
C^{Qp^r), where 

^p,r ■■= {{xi,X2j,p,q,ki,k2) : < Oi, |x2| < p, \\if,P,q)\\oo<r}. 

The normal curvature A of a C^-surface 11 is C^-regular. From above it follows that 
functions in right hand side of (I2T]) belong to class C^{Qp^r)- The system ( 12T|) for the 
functions /, p, q, ki, k2 is hyperbolic, and it has a diagonal form in its main part (con- 
taining the derivatives of unknown functions). First three families of characteristics 
of fl2T]) are lines {xi = c} and the last two families of characteristics are integral 
curves of ODE's g = -f|±f and g = a. Denote K := max{|| f|±f ||^, ||a||n}, 

where Q is the projection of flp^r onto the space of variables f,p,q. By Theo- 
rem A (and remark after it, with q > \\ki\\^ for ki) there is £ G (0,p] such that the 
Cauchy problem fl2T]) . fl22al b) admits a unique solution {/, p, g, /ci, /C2} G C^(JlK,e) 
with IK/, p, g)||nif e < By Proposition [3l equations fITatb) are valid in IIk,£ and 
/ G C^(ni^^e). Furthermore, by Proposition HI the functions ki [i = 1,2) are the 
principal curvatures of the graph : X3 = f{xi,X2), and, in view of f l22bp . the 
conditions ki\^ = ki {i = 1,2) are satisfied. Thus, the surface represents a 
solution of Problem [1] 

Suppose that a C^-regular surface-graph : X3 = /(xi, X2) over IlK,e is a solu- 
tion of Problem [1] (with principal curvatures ki, i = 1,2) satisfying the condition 
IK/i fxi, fx2)\\uKe — "'^5 where K, e and r have been chosen above. By Propositions H] 
and [31 (/, /xi,/x2) ki, /C2) is a solution to (1^ and f l22a[ b). in which {fo,Po,qo) is a 
solution to f|T6|) . Since solutions of these Cauchy problems are unique, the solution 
of Problem [T]is also unique in the class of functions under consideration. □ 

Proof of Corollary [1] Let in (with cartesian coordinates) be a surface- 
graph of / G C^(n) defined on 11 = {|x| < ai, |y| < 02, 2; = 0}. By Lemma |3]or 
directly, we find that n = --j===[—p, —q, 1] is the unit normal to M^, and the 

1-st and the 2-nd fundamental forms of are E = 1 F = pq,G = l + q'^, and 
I ^ /^^ M = ^ , iV = , -^^^ From Proposition |2] it follows that 

^l+p2+g2 ^l+p2+g2 ^l+p2+<?2 
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ki,k2 G C°(n) are the principal curvatures and the vector / = ?/),!) (where 
a G C^(n)) is the projection onto 11 of /ci-principal direction of if and only if 

= Hii{x,y,p,q,ki,k2), qx = Hi2{x,y,p,q,ki,k2), (23a) 
Py = H2i{x,y,p,q,ki,k2), qy = H22{x,y,p, q, ki, k2). (23b) 

For M.^{x,y,z), the system (ITbl) - ([8]) with A = has a form (see also (|3])) 

Py = H^lik,+H^^lk2, 

qy = H^S ki + i^g k2, 

apq + q"^ + 1 

ki,y / o , -.x , ki^x + (ci + C3fci)(fc2 - ki) = 0, 

a{p^+lj+pq 

k2,y + a k2,x + C2{k2 - ki) = 0, (24) 



.srViPrP r - (p^+g^+l)(Q „ _ {a{p'^+l)+pq)a,y-{apq+q'^+l)a,a, _ y/pHq'^ + l{aq-p) 

If / G C'^(n) and /ci,A;2 G C^(n), then (IMl) ';; /i are compatibility conditions for 
(ESilb), i.e., {px)y = iPy)x, iqx)y = {qy)x- 

Similarly to the proof of Theorem [H one may show that there are r,K > and 
A G (0,r) such that if < A, then for some e G (0,02) the Cauchy problem 

with p(-,0) = po, q{-,0) = qo, ki{-,0) = ki, {i = 1,2) is non-singular and 
admits a unique solution p,q,ki,k2 of class C^(IlK,e) with \\{p,q,ki,k2)\\nKe — ^■ 
Moreover, there is a unique function / of class C'^(IlK,e) such that fx = P, fy = 1 
and /(0,0) = (i/(0,0) = 0. As in the proof of Theorem [H one may show that 
/ G C^(JlK,e) and the surface-graph : z = f{x,y) represents a unique solution 
of Problem [l] in the class of functions from the formulation of the corollary. □ 



2.2 Proof of Theorem [2] and Proposition [T] 

A surface in M^(/c) is called parallel curved (PC) if there is a totally umbilical 
(or totally geodesic) surface /3 C ]R^(/c) such that at each point x G there is a 
principal direction tangent to (3d (a parallel surface to f3 on the distance d). Surfaces 
of revolution and cylinders in Euclidean space provide examples of PC surfaces 
(see [2] and [5]). We study PC surfaces in space forms M.^{k) (see also Section [32]) 
in relation to Problems [T] and [21 

A PC surface in R'^(A;) (a Riemannian 3-space of constant curvature k) can 
be recovered locally by exact procedure. We will prove the claim for PC surfaces 
in M^. In Proposition [1] we solve Problem [2] using twice the reconstruction a plane 
curve by its curvature. 

Proof of Proposition [1] will be divided into three steps. 
1. We apply geometrical construction of Proposition [6] when /3 C is a plane 
with the normal ae2 — ei. In this case, Z = a ei -|- 62 is a constant vector field (its 
trajectories are parallel lines). The planes parallel to (3 intersect transversally 
by curvature lines. Fig. [TJ^a). 
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Let VTi : — )■ /3o be the orthogonal projection onto the plane Pq = {x—a y = 0}. 
Let 7o(^) C /So be a fci-curvature line on through the origin 0(0,0,0). The 
normals to 70 (lines in /3o) and parallel curves (of constant distance) to 70 form a 
semi- geodesic net on Pq on a neighborhood of 70. Let us parameterize 70 

V = vo{u), vo{0) = v'q{0) = (|n| < e for some e > 0) (25) 



in {u, t;)-coordinates of f3o. Notice that ei, 62, 63 (es = (aei — €2)/ va^Tl is a unit 
normal to /3q) is the orthonormal frame of M'^. The curvature of 70 is 

~k{u) = v'M/i^ + ^o\^)r^'- (26) 

From ([25]) and (I26]) it follows the inequality \vo{u)\ < k £ [1 + v'^^is)]^/"^ ds. By 
Lemma [21 if A; < ^"^"'"^ , then |fQ(u)| < A;u/(1 — (fcn)^)^/^ (a'priori estimate) for 



u\ < If we take k < then a unique solution vq{u) to ( l25l) . ( 126 



defined for \u\ < J^^j^ , satisfies the inequalities 



/—a^ka"^ , ,, /- a^ka , ,,, /-- , , 

|t^o|<v^^-7, K'^l < v^^:^==, \v'^\<V8k. (27) 
+ 1 Va^ ^ I 



Since /c(u) is C^-regular, from f[26|) it follows that t'o(^) is C^-regular. Hence, the 



curve 7p(u) = [u - 77-^^77, t'o(^^) + TTTT^brTT^]' (on the distance p to 70 in the 



plane /3o) is C^-regular for small enough p, its curvature is kp(u) = jz^^^^ 0- 
2. Assume now that p = p{h) (the function of h) and translate 7p(ft,) on the 
height h in the normal direction to (3q. Then, the obtain {u, /i)-parametrization of 
near 70 with /So-level curves ■jp, 

t/ = n - V = Vo{u) + ^^, W = h. (28) 

(l+t;^')V2' °^ ^ (l+^o')^/' 

Using the equation for principal curvatures, {EG — F'^)k'^ — {EN + GL — 2FM)k + 
{LN - M2) = 0, since F = M = 0, we find 

Notice that /ci(m, h) is the curvature of 7p multiplied by cosf/?, see ( l29|) i . where is 
the angle between /3o and the tangent plane to through the intersection point. 
The 2-nd principal curvature, k2{u, h) (does not depend on u) is simply the curvature 
of the curve r(/i) = [/i, p(/i)] in the vertical plane = {ax + y = 0} with the p-axis 



2, 



Oz. One may recover a C -regular function p{h) for small enough h from ([29 
solving the BVP 

p"{h){l + p'^h))^'^ = k2{h^^^), p(0) = p'(0) = 0. (30) 
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If A; < ^^i, then by Lemma |2l a unique solution p[h) to Cauchy problem (130|) 
exists for \h\ < :^7^^, and satisfies the inequalities 

\p\<V24^, \p'\<V2^^, \p"\<V8k. (31) 

One may recover ^(m) from fl29|) i for p = with known fci(M,0). Finally, wo(w) is 
a unique C^-regular solution to (126!) with initial values ( l25l) . It was shown that z/ 
k < ^^+^ min{l, l/a}, then the parametrization (d^j defines a regular surface over 
the rectangle of parameters {u,h) 



n(ai) = {{u, h) eR^ : \u\ < a^a/Va'^ + 1, \h\ < ai/Va^+1}. 
Equations ( 128|) of in cartesian coordinates (x, 2) take a form 

x = ^^±^S^, y = ^^";^^-"\ z = viu,h). (32) 

In view of f l28|) . fl32|) . C^-regularity of t'o(^i) and C^-regularity of p(/i), the surface 
is C^-regular. 

3. Along 71 (i.e., p = 0) we get [X^h,Yh, Z^h]\{u,o) = [^/^^ TTO' ^"^^ 
\X Y Z ] ^— Hence detl" ^■'^^'''^^ ^^^,0) \ _ 

0, and regularly projects onto a neighborhood of 71 in xy-plane. It is not difficult 
to see that is C^-regular. Let us show that for any a G (0, ai) there is 5 > 
such that if A; < 5, the surface regularly projects onto n(a). Based on (l28|l i . we 
write ([32]) 1,2 in the equivalent form u = + ^j^l^lfyl , h = 

Consider the mapping T : {u,h) — )■ [-7^= + ^o(")pW ^ ] associated with 

above system. We will show that for any {x,y) G n(a) the system 

ax + y Vq{u) p{h) x-ay 
u = — . H ^ — -, n — 



admits a unique solution {u,h) in n(ai). Notice n(a) is the image of n(a) under 
the linear mapping u = h = ^^=. 

Assume that the metric in n(ai) is induced by the norm || (m, /i)||oo = max{|M|, 
In order to apply the Banach fixed point theorem, we will show that for a small 
enough k the mapping T maps 11 (oi) into itself, and that T is a contraction. If 
k < ("i""^^ E!!±j-^ then using flHT]) i . we obtain for {x,y) G n(a) and {u,h) G n(a) 
that \x — ay\ < ai and 



ax + y v'q{u) p{h) 



<^== + \p{h)\< 
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Under above condition for k, T maps n(ai) into itself. To show that T : n(ai) — >■ 
Il(ai) is a contraction, we find the differential of T at {u, h) G Il(ai): 



dT{u, h) 



An 
Ah 



An 




p'{h)v'o{u) A T 



Using ( 127|) . (13T|) . we obtain the following estimates: 



< 



V2ai - 



Hence, for a small enough k the norm || (iT(n, /i)||oo is less than 1 for any {u,h) G 
n(ai), that is the mapping T is a contraction in n(ai). Thus, for small enough k, the 
projection proj^-j^ (the orthogonal projection onto the xy-plane) realizes a bijection 
between the surface nproj~j|(n(a)) and n(a). Since the linear operator id — dT 
is invertible for any (n, h) G n(ai), by the Implicit Function Theorem this projection 
is regular. □ 

Proof of Theorem [2l The condition Y{u, h) = determines the intersection 
curve of (see fl32|) ) with xz-plane of the form (X(n), 0, Z(n)), where Z{u) := 
V{u, )■ Now, X{u) and Vq{u) are functions to be found using the boundary 



values of the principal curvatures. Denote w 



Vq[U) 



Consider the system 



X 



a 



u — 



P{X) w 
(1 + n;2)i/2 



w 



p{X)hiX) + ^X) 



(33) 



where p(x) := p(- 



ki (x) is a continuous 



in [—a, a] function, and X = X{ri), w = w{ri) in the integrand. 

Due to the proof of Proposition [1], we are looking for the parametric form ( !32|) 
of M^, where U,V,W (the functions of u,h) are given in fl2S]) . and Vo{u) satisfies 
fl2^ with unknown function A;(n). By Proposition [H the principal curvature /c2 
of satisfies /c2(a;, 0) = k2{x). It is sufficient to show that for small enough ki 
there exists a unique pair X{u), vq{u) (and hence M^) such that /ci(x,0) = ki{x) 
for the principal curvature ki of M^. From (132|) with F = we conclude that the 



pair X = {X{u),vq{u)) satisfies the equation 



X 



[a G (0,ai)). In order to satisfy ki{x,0) 



« _ (i+„^2)i/2 tor n G i - 
/i;i(x), we rewrite (l29!l i 



as 



k{u) 



1 - A;(n)p(X) 
Substituting k{u) of ((26]) into ([3 

no(M) 



$(X) = A;i(X) ^ A;(n 



^i(X) 



p(X)fci(X) + $(X)- 
we get the integral equation 



(34) 



h{X{^m + v',\r^)fl^ 
p(X(r/))^i(X(7^)) + $(X(r/)) 



(i?7 {u E I). 
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This leads to the system (15^ for the functions X{u) and w{u) := v'q. 

We claim that for small enough ki and k2, 0331) admits a unique solution in 
the product space B := 5(0, ai) x C°(/), where B{(j),r) is the closed ball of radius 
r > in C°(/) centered at the function (p. First we will investigate fl33|l i . Set 
k := max { I A;i (a;) I , |A;2(x)|}. By the proof of Proposition [H if A; < the Cauchy 

problem (!30!) admits a unique solution p(h) defined for \h\ < ai/y/a"^ + 1 and the 
estimates (!3T!) are valid. Denote 



F( A, M, := u 

a V 



(l+y;2)l/2 



From ([SI])i,2 we get that if A; < min{ Hence |F| < a + 
^^^|p(X)| < a+ ^"^Jl^ k < ai for any {X,u,w) G [-ai,ai] x / x M, that is 

V (u, u;) G / X M : F{-,u,w) : [— ai, ai] — )■ [— ai, ai], (35) 

|a.f|<^^|p'mi<^L=*<i=. (36) 

« a V + 1 V 2 

Hence 9x(X — F{X, u, w)) > for any (X, u, w) G [— cti, ai] x / x M. We conclude 
that f p3|l i admits a unique solution X = X{u, w) G [— ai, ai] for any (n, ty) G / x M. 
Since the function F is C^-regular in [— ai,ai] x / x M, by the Implicit Function 
Theorem, the function X is C^-regular in / x M. Let us substitute X = X{u, w) 
into (l33l)9. which is equivalent to Cauchy problem 



dw_ _ fci(X)(l + w2)3/2 
du ~ p{X)ki{X) + (^{X) 



w{0) = 0. (37) 



We will show that fl371) admits a unique solution w{u) in C^{I). By estimates fl3T|) i 9 
and definition of function $, we have 

\p{X) h{X) + HX)\ >V2- V2^^ > (38) 

for k < Since fci(X), p(X) and <I>(X) are C^-regular in [— ai,ai], the ODE 

( 137|) satisfies the conditions required for local existence and uniqueness of a solution 
to Cauchy problem. In order to show that the solution to ( 137|) does not blow up 
in J, we need an a'priori estimate of a solution to (!33|) 9 with X = X{u,w). Let 
w = w{u) be a continuous solution to this equation in [— c, c] C /. From ( l33l) 9 and 
(EH]) it follows 

|w(m)| < \/2fcsign(M) / (1 + w2(?7))^/2 rf?7 (mg[-c,c]). 
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By Lemma [2l the estimate lu'fu)! < v^^l"! ^ < i is vahd in [— c, cl, if A; < ^"^"'"^ . 

Since the bound for in [— c, c] does not depend on c, the solution w{u) exists 

and is continuous on /. So, we have proved the claim {X{u) = X{u,w{u))) in the 
product space B, moreover, by above a'priori estimate, the solution belongs to the 
smaller space B := B{0, ai) x B{0, 1). 

The desired C^-regular surface is given by (E^]), f l2S]) . where Vo{u) = w{rf) drj. 
Using flM|) 9 and Proposition [H we obtain that for any a G (0, ai) there exists 6 > 
such that if A; < 5, then projects regularly onto n(a) and is a unique surface 
with the properties indicated in the theorem. □ 



Proposition 4 The solution in Theorem [H can be represented in the form f2l 
12^, where Vo{u) = w^t]) drj and w(u) is the second component of the solution 
{X, w) to (E^j- Moreover, (X, w) is the limit of the iterated function sequence for 
the operator S m C^iR) x C^iR) 

Q (Y \^\^^±1( a r HX){l + wyl^d7^ 

'"^^ I a V [l + w^y/^)' io ~p{X)h{X) + ^{X) 

with the starting point ( ^"^"^"'' w, 0). 

Proof. Indeed, a fixed point of is a solution to (155]) . Let us prove that for 
a small enough k the solution {X{u),w{u)) to fj33|) (that determines the surface 
M^) can be found by an iterative process. First we will show that for a small 
enough k the operator S maps B = 5(0, ai) x 5(0, 1) into itself. Denote G{X, w) := 

p(g!(xHi(x) - ® 1 ® ' ^ ^ we have 

11/ G{X{r]),w{r]))dr]\\j < k <1, where (X,w;)g5. 

By this and fl35|) . for a small enough the operator S maps into itself. 

Let us show that S : B ^ B is a contracti on w. r. to some metric on B for a small 
enough k. From we obtain \d^F\ < \p{X)\ < ^^k, if {X,u,w) G 

[— Oi, ai] X J X M. This estimate and ( 136|) mean that dxF and becomes arbitrary 
small for a small enough fc, hence the first component of = (5*1, 5'2) satisfies w.r. 
to X^w the Lipschitz condition with the Lipschitz constant Li G (0, 1) for a small 
enough k. Let us compute the differential of the second component 5*2 (of S") at a 
point {X{u),w{u)) G B\ 

rf52(X, w)[^J= {dxG{X{7^), w{v))AX{7^) + 9.G(X(r/), w{rj))Aw{rj))drj 

J 

wVi^^r^. - (iW)3/^fci(x)(p'(x)fci(x)+fcu^)p(-y)+^'W) , (iW)^/^fcU^) - 
wnere Cx<-f - (p(x)fci(x)+<i.(x))2 ^ p{x)A:i(x)+$(x) "'"'-^ " 

'iSiTwW • Using = -(i^%72 and dM]), yields that the function G 
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satisfies the Lipschitz condition w.r. to X,w in [— ai,ai] x [—1, 1] with a Lipschitz 
constant L2 > for a small enough k. Notice that L2 is not arbitrary small for a 
small enough k, because the expression for ^5*2 contains the derivative k[ that is not 
assumed to be small. 

In aim to show that 5* is a contraction, let us define the following metric in the sec- 
ond component B(0, 1) of the product space B: d^{wi, W2) = max^g/ e~'^^'^'^\wi{u) — 
'W2{u)\ (see [S]), where T > will be chosen in the sequel. Clearly, this metric is 
equivalent to the original C°-metric dooiwi, W2) = max^ig/ \wi{u) —W2{u)\ in 5(0, 1). 
The metric of B is 

d'^ {{Xi,wi),{X2,W2)) =raaj!i{doo{Xi,X2), d'^ {wi,W2)}. 
Let us estimate for (Xj, Wi) G i3 (i = 1, 2), m G /, m > 0: 

\e-^-{S2{Xr.w^){u) - S2{X2,W2){u))\ = I /; e-''-{G{X,{r^),w^iv)) 
-G{X2{v),W2{v)))dT]\ < L2 /; e-^(«-'')e-^''max{|Xi(r/) -X2(77)|, 
\wi{r]) - W2{v)\}dv < L2 /; e-^^"-") dv rf^((Xi, wi), {X2, W2)) 

= {L2/T) d^{{X^,W^),{X2,W2)). 

A similar estimate is valid for u < 0. Thus, 

d^{S2{X^.Wi),S2{X2,W2)) < {L2/T)d^{{Xi,Wi),{X2,W2)). 

Above arguments imply that if T > L2 and k is small enough, then S* is a contraction 
in B w.r. to the metric defined above. By the Banach fixed point theorem, for 
any tp = {Xi{u) , Wi{u)) in B the iterated function sequence ip, S{ip), S{S{ip)), . . . 
converges uniformly on I to the unique fixed point {X{u), w = Vq{u)) of S in B. 
bmce 

^ = Vi!TT ^ ^Yiis point can be chosen as starting one in the iterative 
process. □ 

2.3 Auxiliary results 

We consider a first order quasilinear system of PDE's, n equations in n unknown 
functions u = {ui, . . . , Un) and two variables x, y G M, 

du/dy + A{x, y, u) du/dx = b{x, y, u), (39) 

where A = {aij{x, y,u)) is an n x n matrix, b = {bi{x, y, u)) is an n- vector. 

The Cauchy problem for (l39l) is the problem of finding u such that (!39l) and 
m(x, 0) = uo{x) are satisfied, where uq is given. When the coefficient matrix A and 
the vector b are functions of x and y only, the system is linear. When A and b are 
functions oi x, y and u, the system is quasilinear. 

The system ( l39l) is called hyperbolic in the y-direction at (x, y, u) (in an appro- 
priate domain of the arguments of A) if the (right) eigenvectors of A are real and 
span M". In this case, let R = [ri, . . . , r„] be the matrix of the (right) eigenvectors 
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Ti of A. For a solution u{x,y) to the corresponding eigenvalues \i{x,y,u) are 
called the characteristic speeds, the vector field 9^, + AjS^. is the i- characteristic field, 
and its integral curves are i- characteristics. 

Theorem A (see |7])Lei the quasi-linear system of PDE's / fS^Pj) he such that 
(i) it is hyperbolic in the y-direction in Q = {\x\ < a,0 < y < s, \\u\\oo < r} 

for some s,r > 0; 
(a) the matrices A, R and the vector b are -regular in Q; 
(Hi) it is satisfied an initial condition 

u{x,0) = uq{x), —a < X < a (40) 

for which ||Mo||[-a,a] < r and uq is C^-regular in [—a, a]. 
Then there is e & (0, s] such that lj^3^ and admit a unique -regular solution 
u{x,y) in the trapeze Hr^e = {{^^v) '■ k| + Ky < a, < y < e}, where K = 
max{\Xi{x,y,u)\ : {x,y,u)^Q, l<i<n}. 

In Theorem A, one may use the norm ||u||c,oo = max Cj|uj| for Cj > 0. To show 

' l<i<n 

this one should replace unknown functions Vi = Ui/ci (hence ||f||oo = ||m||c,oo) to 
reduce to original Theorem A for v. We use Theorem A in the proof of Theorem [1] 
for diagonal matrices A = R. 

The next proposition is known. For convenience of a reader we prove it. 

Proposition 5 Let vector functions P and Q satisfy the Lipschitz condition 

\\P{t,u)-P{t,v)\\^ < L\\u-v\\^, \\Q{t,u)-Q{t,v)\U < L\\u-v\U 

(with the same L) for t G [0, h] and m, f G ^2 C M" (T2 a domain). Let y(t) {y{0) = 
yo G fi) and z{t) (^(0) = zq E Vt) are solutions to ODE's y'(t) = P(t,y(t)), and 
z'{t) = Q(t,z(t)), resp., where t G [0, /i] and y{t), z{t) G Vt. Then \\y — z\\ < 
{mh + \\yo - zqW^) e^'^, where m = \\P - Q\\ [o^h]xn- 

Proof. We present BVP equivalently in the integral form 

t 

(y-z)- iVo - zo) =J[P{x, y{x)) - P{x, z{x)) + P{x, z{x)) - Q{x, z{x))] dx. 



Hence ||i/—z||oo < (||yo~-2o||oo+'^^)+-^ Iq \\y^z\\oo dx. From the Gronwall-Bellmann 
integral inequality 

t ^ 
u{t) < A + J u{x)v{x)dx {u,v > 0, A>0) u{t) < Ae^o^^)'^^^ 



with A = \\yQ — ^olloo) u = \\y — z\\oo and f = L it follows the claim. □ 

y 

Lemma 2 Let a function u > of class C°([0, a]) obeys the inequality u{y) < ^/ (1+ 



u\7])f'^d7] With A G (0, 1 /a). Then u{y) < (j^J^ for y G [0,a]. 
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Proof. Denote f{u) = A{l+u'^f^'^. Then U := (^_^f^2)i/2 is the solution to 
the ODE J = f{u) with the initial condition f/(0) = 0. Since A e (0,1/a), U is 
continuous in [0,a]. Clearly, U{y) satisfies in [0,a) the integral equation 

Uiy) = JfiU{v))dv. (41) 



Denote by Y{y) = U{y) - u{y) and K{y) = d^f{tU{y) + (1 - t)u{y)) dt. Hence 
f{U{y)) — f{u{y)) = A{y)Y{y). Since duf{u) is non-negative and continuous in 
[0, oo), the function A{y) is also non-negative and continuous in [0,a]. Further- 
more, by conditions of the lemma and (HTj) . Y{y) satisfies in [0, a] the integral 
inequality Y{y) > A{r])Y{r]) dr], which can be written as the equation Y{y) = 
A{ri)Y (rj) drj + 4){y), where (f){y) G C°([0,a]) is non-negative. The above linear 
integral equation of Volterra type can be solved by the iterative method YQ{y) = 
(l){y), y„+i(y) = + ^ A{rf)Yn{rf) drj. Since all the functions of the sequence 
are non-negative in [0,a], their limit Yiy) is also non-negative, that is the desired 
estimate is valid. □ 

The covariant derivative of a (0, l)-tensor (/ij) in {M^^g) is defined by 

V,/i,- = /i,,,,^. -J^^ff./ifc (42) 

where = Y.sd^'^idis-xj + gjs,x, - gij,x,) are Christoffel symbols. 

Lemma 3 Let : Xs = f{xi,X2) be the graph of a function f G (7^(11) in {M^,g). 
Then the unit normal (rij) to M^, the coefficients of the 1-st and the 2-nd funda- 
mental forms of are 

{guq - 922P) 933 {912P - 9liq) 933 1 ..ON 

ni = = — , no = = — , = , (43a) 

VEG - F2 v/d^ V^G - F2 v/d^ 5^33 

^ = 911+ fi'33P^ = ^12 + topg, G = §22 + fi'33g^ (43b) 
= {f.,.,+Li)/5, M={f^,,,+M,)/5, iV = (^,.,+iVi) A (43c) 

w/iere /^^ = p, /^a = g, 5 = \/{EG - F^)/ det^ > I/a/^, anc? 

Li=f?i+2f?3p+fi3|,2+<5 E ^.,n,(fli+2fl3p+P33p2)_ri,p-r?ig, 

i,j<2 

Ml = f ?2+f i3P+f?3g+fi3pg-f5 E 9^Jn, (t\, + f*23p + fl3g + tl,pq) 

i,j<2 (44) 

-^i2P - r?2?) 

iVi = fi2+2fi3g+fi3g2+5 E 9^Mn2+'^^3Q+n3Q')-^l2P-^^2Q■ 
The proof of Lemma [3] is based on the following 

Proposition A (see [1]). The equations Xi = fi{ui,U2), {i = 1,2,3) define a 
regular surface in [M^,g) if and only if fi are regular (of class G"^), and the 
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rank of {fi^x ) is equal to 2. The first (gij) and the second (bij) fundamental forms 
of M"^ with the unit normal (n^) are given by 

9ij / ^ 9 uuf a ,Xifv ,Xi^ bij Tig fs,ij / ^ ^ ui,f a ,Xifu ,Xi^ l'^^) 

where F^^^ are Christoffel symbols of the 2-nd kind on . 

Proof of Lemma [31 From the definition E = g{ei,ei), F = g{ei,e2), G = 
9(^2, 62) it follows (143bp . Let n = niCi +72162 +7^363 be a unit normal to M^. We find 

n from rt n — ni p ■n\ — dct(ei,e2,e3) _ det(ei,e2,e3) _ 1 TToro A2 — EG-F"^ \ 1 
©3. 

The expressions for rii and 71-2 of (143 ap follow from the linear system 
g{ei,n) = Uigu + ra2fi'i2 + ?^3feP = 0, g{e2, n) = nigi2 + ^2^22 + n^h'iQ = 0. 
From (jl5D2, and gn = to = fa,ij = (a = 1, 2), Y.a,b9abnanh = 1, we have 

bij = V Ja6ri6(%raa) = V + V T''^^f^,,ifu,j) 

= g33n3{f3,ij + i^luU^Ud) + ^^JabntiY] ^%U,ifu,j). 

Hence, the coefficients L = fen, M = 612 = &21 and = 622 of II are given by 

6L= f,, + rl, + 2rl,p + rl,p^ + 6 E g^Mnl + '^n3P + n3P<l), 

S N = /,22 + f i2 + 2 tl,q + ty^ + 6 E ^.,^,(f *22 + 2 f *23g + f^3g2), 
5 M = /_^2+f ?2+f i3P+f?3g+f igpg + 6 E (f l2+f isPg 

+ri,p+r\,q+ri,pq) 

where f^ij = fx^Xj — ^jjP — F^^g are the covariant derivatives, see (142|) . □ 



3 Appendix: Parallel curved surfaces 

We survey basic properties of PC surfaces in aim to illustrate that the PC surfaces 
provide a special class of solutions to the geometrical problem. 



3.1 PC surfaces in R^{k) 

(a) For a = const > 0, a solution to fl22a[ b). (124]) is a PC surface in M.^. If k2 = 0, 
we get a cylinder : z = ^/l/k"^ ~ in + axy/{l + a^) of radius 1/ki with the axis 
u = (— l,a,0). We will build a PC surface with C3 7^ const, see Corollary [H Let 
Ml : X'^ + Z'^ = R'^{Y) be a surface of revolution in M^, where i? > is an increasing 
C^-regular function. Revolving about 2;-axis, X = -y==^, Y = -j==^, Z = z, 
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and replacing the function R( ^^J—^ ) = we obtain z = ^yR'^{Y) — X"^ = 

(1 + a^) ^ ^yr^{ay — x) — (ax + yy. A parallel {Y = c} of above lies in the 
plane ay — x = c, and projects onto xy-plaxie as a line segment. 

(b) Consider spherical coordinates (p, (p, 9) in the domain U = {|p — 1| < 
O'l, \f \ < 0'2i \9 — vr/2| < 03} of M^, where < ai < 1 and < 02 < tt and 
< as < 7r/2. The curvilinear projection onto 11 = {\p — 1| < ai, \ip\ < a2, = |} 
(with A = 0) is given by n{p, ip, 6) = (p, p, n/2). 

(b)i Denote 7 = {\p — 1| < ai, ip = 0, 6 = vr/2} the line segment in 11. Let 
ki, k2 be the functions of class C^([— ai, ai]) and I a vector field of class C^(n) that 
is transversal but not orthogonal to 7. By Theorem [H if ki are small enough in the 
C°-norm, then Problem [1] admits a unique smooth solution : 6 = /((/?, p) on 
UK,e = {\p - l\ + Kif < ai, < (p < e, 9 = tt/2}. 

(b)2 Assume that is a PC surface relative to the sphere (3 = {p = po}. Take 
7 = {|p — 1| < ai, p = b {p — 1) , 9 = f } for some b G (0, yt^)- The /ci-curvature 
lines of project onto concentric circles {p = c} on 11, hence / = 9^ is transversal 
but not orthogonal to 7 (Theorem [1] is applicable). Now let ki e C^([— ai,ai]) and 
A;2 G C^{[—ai, Oi]) are small enough in the C°-norm. Follow the proof of Theorem [2] 
(Section l2.2l) . one may show that : 9 = f{p, p) can be recovered over a curvilinear 
rectangle n(ai). 

The geometric construction of a PC surface is as follows. The spheres S'^{c) = 
{p = c} intersect transversally by /ci-curvature lines. Let tti : \ {0} — )■ 5*^(1) 
be the radial projection onto the unit sphere, i.e., 7ri(x) = Let 7(t) be a 

/ci-curvature line on M^, and 7(t) belongs to S'^{c) for some c. The curve 70 = vri(7) 
is homothetic to 7 (the coefficient of homothety is 1/c). The great circles on 5^(1) 
orthogonal to 70 and the curves of constant distance to 70 form a semi- geodesic net 
on 5*^(1) near 70, see Lemma HI 

A 1-parameter family of geodesies and their orthogonal curves on /3 is called a 
semi- geodesic net (it is uniquely determined by the base curve 70). 

Lemma 4 There are (locally) four types of semi-geodesic nets on {f3,gk): 
(a) cartesian net , k = 0, —1: 70 is a line for k = 0, (horocycle for k = —1 ), 
(h) polar net, /c = ± 1.- 70 «s a circle, 

(c) evolvent net , k = 0, ±1: normals to 70 are tangent to a curve 71, 
(70 is evolvent of'ji). 

(d) super-parallel net, k = —1: 70 is a line. 

The cartesian and polar nets correspond to cylindrical surfaces (k2 = 0) and surfaces 
of revolution (ki= const along Fi-curves, the axis is orthogonal to (3), resp. (Case 
(c) appears on PC surfaces illustrated in Fig. \^h)). 

Proof. It is known that the normals to a regular curve in M^(A;) (locally) form 
one of four families: (super-)parallel lines, lines through a point and enveloping a 
smooth curve 71. □ 
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Figure 1: (a) Projection of a PC surface M^. (b) PC surface in M.^ of type (c). 



Proposition 6 Let C be a PC surface-graph related to a totally umbilical 

surface P, and J-^ {i = 1,2) the ki-curvature lines. Then 

(i) the principal curvature k2 is constant along the curves of J^i, 

(a) the curves of O'l"^ geodesies, they belong to planes orthogonal to P, 

(Hi) both families of curves project onto P as a semi-geodesic net. 

Proof. The curves of J^i belong to totally umbilical surfaces Pd (on the distance 
d to P), and the curves are parallel on M. Hence, J^2 (that is orthogonal to ^-"1) 
consists of geodesies of M^. Let Xj (2 = 1,2) be unit vector fields tangent to J-'j, n 
a unit normal to M^, dt a unit normal to p. Then Xi is orthogonal to n and dt- 
By (2) of Lemma [5] (see Section 1312]) and Rodrigues theorem (see [9]), 

X,{{n,dt)) = {Vx,n,dt) + {n,VxA) = {kiX^dt) + (n, (log0)%) = 

where V is the covariant derivative. Hence, the angle between surfaces and Pd 
along the curvature lines (the intersection) is constant. The projections of J^i 
onto P are parallel curves Ti, hence their orthogonal trajectories J-2 are geodesies 
on p. Thus {J^i,J^2) is a semi-geodesic net on p. In coordinates of curvature lines 
we have A;2,i = (^1 — ^2)^^, see Remark [2l Since (722 = 1 (J^2-curves are unit speed 
geodesies), we obtain /c2,i = 0, hence k2 = const along J^i-curves. One may show 
that (as in M"^, see [2], [3] and (!29l) 9 in what follows) the curves of J-2 are congruent in 
M^{k) each to another, and lie in planes through geodesies ^2 P and orthogonal 
to p. □ 

3.2 PC surfaces in a Riemannian warped product 3-space 

Let {S,gk) be a Riemannian 2-space of constant curvature k, and ip : I M+. 
The Riemannian warped product 3-space is M.^{k,ip) = (J x S,g'^) where g'^ = 
dt^ -\- ip'^(t)gk. M.^{k,ip) contains no open subsets of constant curvature if and only 
if (log^)" + k/ip^ ^ on J, [5]. A surface S{t) = {t} x ^ is a slice of R^{k, ^). The 



23 



mean curvature vector of C M.^{k,ip) is defined hj H = (tr/i)/2, where h the 
second fundamental form of M^. A surface is 

- totally geodesic if /i = 0; 

- totally umbilical if h{X, Y) = g^{X, Y)H (X, Y e TM); 

- T-i-surface if the vector field dt is tangent to at each point on M^. 

We decompose a vector field v on ]R^(/c, if)) into a sum V = (pydt + V, where 0y = 
g{V, dt) and (a vertical component) is orthogonal to dt- 

Lemma 5 (|[5j) The connection and the curvature ofM.^{k,ip) satisfy 

(1) V9A = 0, i2)V9,X = Vxdt = ilog^yX, 

(3) giVxY.dt) = -(7(X,F)(logV^)', (4) VxY is the lift of Vf-F on S, 
(5) Ridt,x)dt = {r/i^)x, R{X,dt)Y = (X,r)«/^/>)9i, R{X,Y)dt = 0, 
R{X, Y)Z = {k- {'iP'f)/ij''){{Y, Z)X - (X, Z)Y} for X,Y,Ze TS. 

Lemma 6 An H-surface 11^ = / x {7} over a smooth curve 7 C S* is 
(i) a ruled surface with rulings I x {s} (s G 7), 
(a) a totally geodesic in M.^{k,ip) if and only if 'y is a geodesic in S. 

Proof. Let h be the second fundamental form of 11^. Denote X the (unit) 
velocity field of a geodesic 7. Using Lemma 0, we have on 11^: 

by (1): h{dt,dt) = 0. Hence I x {s} are rulings (geodesies in M.^{k,ip))] 

by (2): Va,X e TM^, hence h{dt,X) = 0; 

by (4): h{X, X) = if and only if 7 is a geodesic in 5*. 
We conclude that h = when 7 is a geodesic in S. On the other hand, by (3) 
and (4) of Lemma O V^X = if and only if h{X, X) = 0. Hence, if /i = then 
Vf-X = 0, that is 7 is a geodesic in S. □ 

An H-surface H^ = / x {7} is totally umbilical with V'^H = if and only if 
H^ is totally geodesic, see [S]. Any such H^ over an S-geodesic 7 will be named 
T-L-plane. By Lemma [5l the gaussian curvature of is K = if)" /ip. 

A surface C M^(A;, ip) is called parallel curved (PC) relative to S if it does not 
belong to a slice, and at each point x G at least one principal direction is tangent 
to S{t) passing through x. A PC surface is regular if such principal directions form 
a 1-dimensional foliation (-Fi). 

Proposition [6] can be extended as follows 

Proposition 7 Let C ]R^(/c, if)) he a regular PC surface-graph over domain in S. 
Then the 2-nd family of curvature lines consists of geodesies on which lie in 
T-L-planes. Two families {T\ and J^2) of curves project onto S as a semi-geodesic net. 

Hence PC surfaces in M'^(/c,-?/') represent a special class of solutions to Problem [1] 
for graphs over domains of ?^-plane H^ with 7 transversal to slices. 
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